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Paper
An Approximation Model of AC Resistance
for Inductor and Transformer Windings with Partial Layers
Zhan Shen∗,∗∗ Non-member, Zhiguang Li∗ Non-member
Long Jin∗ Non-member, Huai Wang∗∗ Non-member
This paper proposes an approximation model of the AC resistance for windings with partial layers. It introduces the
concept of the number of layers for the partial winding without theoretical support. It is simpler compared to the origi-
nal partial layer equation and and has a good accuracy. The error between the approximation and the original equation
is derived and compared analytically. The approximation method is verified in two case studies with simulation results
of the finite element method and experimental results. Based on the approximation equation, an optimization method is
proposed for the winding with partial layers. This can provide a minimum AC resistance within the design restrictions
and can be applied to inductors and transformers. Finally, the optimization method is verified in a case study of a 20
kHz transformer winding design.
Keywords: winding resistance, transformers, inductors, partial layer windings, winding optimization.
1. Introduction
With the promotion of wide-band-gap (WBG) devices, the
operating frequency and power density of the power elec-
tronic converters increase continuously. It brings a signifi-
cant challenge to the loss modeling and optimization of pas-
sive devices. Normally the magnetics contribute consider-
able loss to the converter, including the magnetic core loss
and the winding resistive loss (1)∼(4). Therefore the modeling
of the winding resistance is essential, especially in high fre-
quency, power, and power density applications with compli-
cated winding configurations.
There are two kinds of windings: full layer and partial
layer, as illustrated in Fig. 1. The full layer takes all of the
window height space in z-direction. The partial layer only
appears in the last layer of the winding, and is with the fewer
number of turns than the full layer.
There is mature research on the AC resistance modeling
of windings with full layers. Dowell proposed the analytical
equation for the transformer winding resistance in the Carte-
sian coordinate system (5). It is improved in (6) by considering
the two-dimensional magnetic field distribution and porosity
factor. Another method is to build the model in the cylindri-
cal coordinate system and is named Ferreira’s equation (7) (8). It
is originally for round wires, and is extended to other conduc-
tor shapes with the equivalent copper area principle (9). These
methods are compared and summarized in (10). The analyt-
ical models for the Litz wire are proposed in (11)∼(13). Re-
cent advances use the results of the finite element method
(FEM) to fit the equation for the AC resistance (14) (15).
For the partial layer, the authors proposed an original par-
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Fig. 1. Transformer with full and partial layer windings.
tial layer equation in (16). However, its complexity restricts
the application. In this paper, an alternative method is pro-
posed by using the approximation of Dowell’s equation and
the concept of the number of layers for the partial winding.
It is simple and without theoretical background. The accu-
racy and difference compared with the original partial layer
equation are discussed in detail.
For the winding optimization, there are computer-aid and
analytical methods, respectively. The first one sweeps all the
possible cases within restrictions and requires large computa-
tional resources and time (3). For the analytical method, Hur-
ley et al. proposed a simple equation to calculate the op-
timal wire diameter for the minimum winding resistance (17).
It optimizes the winding in different current waveforms and
requires the predefined number of layers m as the design in-
put. However, m usually is unknown before the winding de-
sign. The authors proposed another method based on Hur-
ley’s equation (16) (18). It only requires the number of total turns
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N and core window dimensions as design input, which is
more practical. In this paper, it is further improved and sim-
plified with the approximation equation.
This paper studies the winding resistance of the partial
layer with three major contributions:
1) Propose the approximation equation for the AC resis-
tance of the partial layer. The difference between the original
partial layer and approximation equation is derived analyti-
cally, and the maximum error case is obtained.
2) Verify the approximation equation with FEM simulation
and experimental results in two case studies.
3) Propose a winding resistance optimization method with
the approximation equation. Perform a case study for a 20
kHz transformer to verify the winding design method.
2. AC Windings Resistance of Partial Layer
In this section, Dowell’s equation and the original partial
layer equation are reviewed briefly first. Then the approxi-
mation model for the partial layers is proposed. It is analyzed
and compared with the original partial layer equation in de-
tail. Finally, the approximation equation is verified by the
finite element method (FEM) and experimental results.
2.1 Dowell’s Equation In 1966, Dowell firstly pro-
posed the closed-form equation for the winding resistance (5)
RDowell = RdcFDowell · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)
with
FDowell = 4[ν3 +
2
3
(m2 − 1)ν2] · · · · · · · · · · · · · · · · · · · (2)
∆ =
dw
δ
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3)
ν2 =
sinh4 − sin4
cosh4 + cos4
, ν3 =
sinh(24) + sin(24)
cosh(24) − cos(24)
· (4)
where RDowell and Rdc are the AC and DC winding resistance,
respectively, FDowell is the resistance factor, ∆ is the penetra-
tion ratio, dw is the thickness of the foil, δ is the skin depth,
m is the number of winding layers, υ3 and υ2 are the coef-
ficients for the skin and proximity effects, respectively. For
round wires with diameter d, it is transferred to the equivalent
thickness of the foil with the equivalent area transformation
dw =
√
π
4
d · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (5)
2.2 Original Partial Layer Equation The original
partial layer equation for the winding with m full layers and
one partial layer as m + 1 layer is (16)
Rori. = RdcFori. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (6)
with
Fori. = ∆ν3 +
4m3 − 4m − 3k + 3k(2m + k)2
6(m + k)
∆ν2 · · (7)
The partial coefficient k is defined as
k =
t0
t
=
h′w
hw
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (8)
where t, hw, t0, and h′w are the number of turns and winding
height in full and partial layers, respectively. When k = 0 or
k = 1, (6) transfers to Dowell’s equation (1) with m or m + 1
layers.
A
C
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Fig. 2. AC resistance of a designed inductor calculated
with Dowell, original partial layer, and approximation
equations.
2.3 Proposed Approximation of Partial Layer Equa-
tion Equation (6) considers the difference of the field in-
tensity between the full layer and partial layers theoretically.
However, it is complex and not convenient for applications.
An alternative solution is to use Dowell’s equation to approx-
imate equation (6). The new-defined the number of layers for
the partial winding mp is
mp = m + k · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (9)
The original number of layers m is an integer and mp is a
fraction or integer.
Substituting mp into (1) is the approximations model of the
winding with partial layers
Rapprox. = RdcFapprox. · · · · · · · · · · · · · · · · · · · · · · · · · · · · (10)
with
Fapprox. = 4[ν3 +
2
3
(m2p − 1)ν2] · · · · · · · · · · · · · · · · · · (11)
2.4 Difference between Dowell, Original partial layer,
and Approximation Equations A case study with a de-
signed inductor is presented to compare the difference be-
tween the three equations. It is with PQ 50/50 core shape,
3C91 core material with the approximate relative permeabil-
ity of 3000, 1.56 mm round wire, number of full layers m = 5,
turns in full layers t = 10, and sweeping turns of partial layer
t0 from 0 to 10. When t0 = 10, the inductor turns to m = 6
full winding scenario.
The comparison and the error are in Fig. 2 and Fig. 3, re-
spectively. Dowell’s equation leads to significant errors when
only considering the full layers. However, with the concept
of the number of layers for the partial winding mp, the ac-
curacy of the approximation equation improved significantly.
The error between the original partial layer and approxima-
tion equation is non-linear. The largest error is when the par-
tial coefficient k close to 0.5, and the error percentage is be-
low 0.1 %.
2.5 Analytical Difference Analysis To compare the
difference between the approximation and original partial
layer equations, the resistance difference Rdiff is defined
Rdiff = Rori. − Rapprox. = Rdc(Fori. − Fapprox.) = RdcFdiff
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Fig. 3. Error percentage of the approximation equation
compared to the original partial layer equation.
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Fig. 4. Resistance factor in terms of different number of
layers m and partial coefficient k. The maximum resis-
tance factor (Fdiff)max = 0.21 is with k = 0.5 and m = 1.
= Rdc
∆ν2(k − k3)
6(m + k)
· · · · · · · · · · · · · · · · · · · · · · · · · · · (12)
where Fdiff is the resistance difference factor. Fdiff under dif-
ferent k and m are given in Fig. 4.
For each m, Fdiff increases with k till maximum, then de-
creases. Setting the differential of Fdiff with k to zero
∂Fdiff
∂k
=
m(1 − 3k2) − 2k3
(m + k)2
= 0 · · · · · · · · · · · · · · · · · (13)
The k which leads to the maximum Fdiff is obtained
kmax(m) =
1
2
(
m2
q
+ q − m) · · · · · · · · · · · · · · · · · · · · · · (14)
with
q =
1
3
√
−m3 + 2
√
m2 − m4 · · · · · · · · · · · · · · · · · · · · · · (15)
Sweeping m from 1 to 5000, kmax(m) is between 0.5 and
0.58. Therefore, the maximum resistance difference factor
(Fdiff)max happens when k is between 0.5 and 0.6. With the
approximation equation, the highest error happens approxi-
mately when it is the half layer. The maximum AC resis-
tance error Rdiff = 0.21Rdc when m = 1, and decreases with
the increase of m.
Fig. 5 illustrates the difference of each equation in terms of
Dowell
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Hint1 Hint2 H’int1 H’int2 H’’int1 H’’int2
z
y
x
Fig. 5. Difference of the skin magnetic field intensity to
calculate the AC resistance factor F with Dowell, original
partial layer, and approximation equation.
their assumptions of the magnetic field intensity. For the ap-
proximation equation, the assumptions for the original Dow-
ell’s equation is still valid:
• The permeability of the core is much larger than the air,
and the magnetic field strength in the core H ≈ 0.
• The current flows only in the x-direction, therefore the
H field is in the yz-plane.
• The wires occupy the window in height directions,
hw ≈ hc, therefore the H field in the window is one-
dimensional in z-direction.
For original partial layer equation, the skin and proximity
magnetic field intensity of the partial layer is
H′int1 = −H′int2 =
kÎ
2hc
· · · · · · · · · · · · · · · · · · · · · · · · · (16)
H′ext1 = H′ext2 =
2mÎ + kÎ
2hc
· · · · · · · · · · · · · · · · · · · · · (17)
The total current in the partial layer decreases to kÎ while the
height of the window keeps the same as hc. For Dowell’s
equation, k = 1.
When using Dowell’s equation to approximate the original
partial layer equation, the field intensity path in the core is
kept the same to fulfill the assumptions. The skin and prox-
imity magnetic field intensity of the partial layer is
H′′int1 = −H′′int2 =
Î
2hc
· · · · · · · · · · · · · · · · · · · · · · · · (18)
H′′ext1 = H′′ext2 =
(2m + 1)Î
2hc
· · · · · · · · · · · · · · · · · · · (19)
Therefore the field intensities of the approximation equation
are the same. The coefficient to approximate the winding re-
sistance increment is
Rapprox(m + 1) − RDowell(m)
RDowell(m + 1) − RDowell(m)
=
k∆ν3 + 2/3 ∗ ∆ν2k(3mk + 3m2 + k2 − 1)
∆ν3 + 2∆ν2m(1 + m)
, k · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (20)
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Table 1. Winding specification of prototype 1, 2, and 3
Primary Secondary
P1 P2 P3 P1& P2& P3
No. of full layers m 2 2 3 2
Turns in full layer t 16 16 14 16
No. of partial layers 0 1 0 0
Turns in partial layer t0 0 10 0 0
No. of total turns N 32 42 42 32
Winding diameter d (mm) 1.56 1.56 1.56 1.56
The increase of the AC resistance due to partial layer is non-
linear with k. Therefore, the approximation equation is with
no theoretical basis, though with good accuracy.
Finally, the decrease of the field intensity due to the partial
layer (16) (17) is different from the concept of porosity factor.
The porosity factor η is defined by the height of the winding
to the height of the core
η =
td
hw
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (21)
It is to improve Dowell’s equation through the penetration
ratio ∆
∆ =
√
η
dw
δ
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (22)
η is to modify the relation between the winding and the core
window, while the partial layer equation focuses on the rela-
tion between the partial layer and full layer. Therefore they
do not conflict with each other, and η is applicable for both
the original partial layer and approximation equations.
2.6 Model Verification: Two Case Studies In
case 1, two transformers with the same secondary winding,
but with and without partial layer as the primary winding
is built and tested, named Prototype 1 (P1) and Prototype 2
(P2). The winding configuration is in Table 1. P1 and P2 are
with the same PQ50/50 core shape, 3C91 core material, and
insulation design. The FEM simulations are performed with
the software FEMM (19). P2 and its simulation results are in
Fig. 6.
The AC resistance of the transformer is measured with the
Aglient E5061B network analyzer, as illustrated in Fig. 7.
R1, R2, L1σ, L2σ are the primary and secondary winding re-
sistance and leakage inductance of the transformer, respec-
tively, Rm and Lm are the main resistance and inductance, re-
spectively. The secondary side is short-circuited, and the AC
resistance is measured from the primary side with the net-
work analyzer. Rm is much larger than R1 and R2. Therefore,
Rm is neglected in the circuit. The measured AC resistance
is the combination of primary and secondary winding resis-
tance
Rac = R1 +
N21
N22
R2 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (23)
where N1 and N2 are the number of turns of primary and
secondary, respectively. All measurements are carried out at
room temperature of 23 °C.
The comparison of the FEM, experimental, and analytical
results of P1 and P2 are in Fig. 8. They agree with each other
well in a wide frequency range. The errors come from the H
Partial layer of Pri.
Sec. Pri.Core
    B
(Tesla)
Partial layerFull layer
0
0.002
Fig. 6. Prototype 2 (P2) and its FEM simulation model.
R2L2σ L1σ R1
Lm RmV1 V2
V1 V2
Network Analyzer Primary Secondary: short-circuited
Equivalent circuit
Fig. 7. AC resistance measurement and the equivalent
circuit of the transformer.
field distortion and the edge effect in the winding tip, the sim-
plification of the non-symmetrical structure in 2D simulation
and analytical model, and the measurement error. The dif-
ference between the original partial layer and approximation
equation is negligible.
Due to the additional partial layer of P2, there is a large AC
resistance increment compared with P1. Also, the difference
increases with the frequency. Therefore, the resistance of the
partial layer cannot be neglected in high frequency and large
number of layers scenario.
P3 is designed with the same number of total turns N and
turns ratio as P2. Its core is the same as P2. The winding
configuration, simulation, and analytical calculation results
are shown in Table 1 and Fig. 8, respectively.
P2 is with two full layers and one partial layer. P3 is with
three full layers, however, smaller number of turns for each
layer. Theoretically, P3 has the same turns N and similar DC
resistance as P2. However, the number of layers for P3 and
4 IEEJ Trans. IA, Vol.xxx, No.xx, 201x
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partial layer
Prototype 1 
full layer
Prototype 3 
full layer
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Fig. 8. The analytical, simulation, and experimental re-
sults of the ac resistance of prototype 1 (P1), 2 (P2), and 3
(P3) without, with, and without the partial layer, respec-
tively. The results of P1, P2, and P3 are with the dark
gray, blue, and light gray, respectively.
P2 are 3 and (2 + 10/16) = 2.6, respectively. The porosity
factor η for P3 and P2 are 0.61 and 0.69, respectively. There-
fore, P3 has a higher number of layers but a lower porosity
factor than P2. As a result, the AC resistance factor of P3 is
slightly higher. Finally, the AC resistance of P3 is also higher.
In general, the comparison of AC resistance of P2 and P3
cannot be applied to other cases. For a specific number of
total turns N, one solution is to wire windings with higher
number of turns per layer and have the partial layer as the
last layer, as P2. Another solution is to have lower number of
turns per layer but keep all layers the same number of turns,
as P3. The first solution achieves smaller AC resistance in
some scenarios while in other scenarios does not. To choose
between the two solutions requires a generic optimal winding
design methodology, as introduced in Section 3.
In case 2, the fourth transformer named prototype 4 (P4)
is built and tested in Fig. 9. The core is the same as P1, and
the winding configuration is in Table 2. Compared with P2,
the primary winding of P4 exchanges the position with sec-
ondary. So the primary is in the inner position and closer to
the symmetry axis. The measurement, analytical, and simu-
lation results of P4 also shows a good agreement with each
other. The AC resistance of the transformer with the same pa-
rameters except using 3 full layers for the secondary winding
is also designed, as P5. Due to the thin diameter of the sec-
ondary wire, there is almost no difference between full layer
P5 and partial layer P4 in the low-frequency range. However,
with the increase of frequency, the partial layer formula is
still necessary.
3. Optimal Design of Partial Layer winding
With the approximation equation, the winding design
method in the reference (16) is improved with the concept of
the number of layers for the partial winding. Compared with
the full layer, the partial layer is with more design and con-
figuration variation. The AC resistance increases or decreases
Table 2. Winding specification of prototype 4 and 5
Primary Secondary
P4 & P5 P4 P5
No. of full layers m 2 2 3
Turns in full layer t 16 38 38
No. of partial layers 0 1 0
Turns in partial layer t0 0 20 0
No. of total turns N 32 96 114
Winding diameter d (mm) 1.56 0.62 0.62
Prototype 4
partial layer
Prototype 5
full layer
A
C
Fig. 9. The analytical, simulation, and experimental re-
sults of the AC resistance of P4 and P5 with and without
partial layer. The results of P4 and P5 are with the blue
and light gray, respectively.
turn by turn instead of layer by layer. Therefore the design
is more precise and controllable. In this section, the con-
ventional methods from references (16) and (17) are shortly
reviewed. Then the optimization method is proposed and ver-
ified in a case study.
3.1 Optimum Diameter Method In 2013, Hurley et
al. proposed an optimization wire diameter formula, which
leads to a minimum AC resistance under the certain m. The
optimum diameter dopt is calculated from the optimum pene-
tration ratio (12) (17)
dopt = ∆optδ =
1
4√
Ψ
√
τδ · · · · · · · · · · · · · · · · · · · · · · · · (24)
with
Ψ =
5m2 − 1
15
, and τ =
ωIrms
I′rms
· · · · · · · · · · · · · · · (25)
where Irms and I′rms are the rms and derivation of the current,
ω = 2π f .
3.2 Winding Design with Original Partial Layer
Equation Equation (24) is analytical and convenient for
calculation, and m is the precondition. For foil windings,
the number of turns N = m. Therefore m is known be-
fore winding design. However, for round wire windings,
N = mt + t0 , m, where t and t0 are the turns in full and par-
tial layers, respectively. An alternative method is to sweep t0
for different m (16)
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Fig. 10. AC resistance sweeping ∆ and m. It is with
round conductor and the black line is the optimum design
for different m.
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Fig. 11. Winding design parameters and restrictions.
m =
N − t0
t
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (26)
Then use the window height hc and width dc as restrictions to
design the winding in a map
dc ≥ (m + 1)dopt + 2(m + 1)diso + mdwwiso + 2dcwiso(27)
hc ≥ tdopt + 2tdiso + (t − 1)hwwiso + 2hcwiso · · · · · · · (28)
the related parameters are illustrated in Fig. 11.
The design map is illustrated in Fig. 12. It is a two-
dimensional version of the AC resistance optimum map in
Fig. 10. The black line in Fig. 10 is the minimum line 3O in
Fig. 12. The final minimum point is obtained along the line
1O, 2O, and 3O. 3O is excluded if it is not in the feasible region.
To obtain a final design, several design maps should be drawn
to sweep all of the partial layer turns t0.
3.3 Winding Design with Approximation Partial
Layer Equation With the approximation equation, the
winding design method is further improved. The design re-
strictions in (27) and (28) is modified introducing the concept
of the number of layers for the partial winding mp
dc ≥ mpdopt + 2mpdiso + (mp − 1)dwwiso + 2dcwiso (29)
hc ≥ tdopt + 2tdiso + (t − 1)hwwiso + 2hcwiso · · · · · · · (30)
Width restriction
Min. Point
Minimum line Height restriction
Feasible region
1
2
3
Fig. 12. Transformer winding design map with original
partial layer equation.
Width restriction
Min. Point
Minimum line Height restriction
Feasible region
1
2
3
Fig. 13. Transformer winding design map with approx-
imation partial layer equation.
The design map is in Fig. 13. If there are no design restric-
tions, the minimum design point of each number of layers
mp is located on the minimum line 3O. With lines 1O and 2O
defining the feasible region, the minimum point is located on
those two restriction lines and line 3O in the feasible region.
Once the minimum AC resistance point is obtained in the
(4,m) plane, the wire diameter d is calculated from 4. Then
the winding configuration is obtained. With the improved
method, only one design map is needed without sweeping all
t0 in the previous method.
The proposed method is not only applicable for sinusoidal
but also for arbitrary waveform i(t). The optimum thickness
is obtained by changing the z-axis from the AC resistance to
the total losses P in Fig. 10, 12, and 13
P = RdcI2dc +
1
2
Rdc
∞∑
n=1
FnInn · · · · · · · · · · · · · · · · · · · · (31)
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Table 3. Winding design input
N p dwwiso dcwiso hwwiso hcwiso hc dc
Pri. 14 0.4 1.2 mm 0.3 mm 0.1 mm 1.2 mm 36.1 mm 5.5 mm
Sec. 34 0.4 1.2 mm 0.3 mm 0.1 mm 1.2 mm 36.1 mm 5.5 mm
Table 4. Winding design outputs
Primary Secondary
Design method Ori. / Approx. Ori. / Approx.
Number of full layers m 1 1
Turns of full layer t 14 22
Number of partial layers 0 1
Turns of partial layer t0 0 12
Wire diameter d output (mm) 0.84 / 0.86 0.65 / 0.64
Wire diameter d chosen (mm) 1.04 0.62
AC resistance Rac at 20 kHz (Ω) 0.0280 0.2094
Total AC resistance
0.0635
reflected to primary Rtot (Ω)
Design point
Designed 
transformer
Alternative winding design 
for comparison 
A
C
Fig. 14. Experimental result of the designed trans-
former with minimum winding losses.
where Idc is the DC component of i(t), In is the amplitude of
the nth harmonic of i(t), Fn is the AC resistance factor for the
nth harmonic frequency.
3.4 A Case Study of Optimum Winding Design To
verify the design method, a case study for the winding design
of a transformer in an LLC converter is presented. The trans-
former operates at 20 kHz. PQ50/50 and 3C91 are chosen as
the core shape and material, respectively. The inputs for the
winding design is in Table 3. Applying the design methods
with the original partial layer and approximation equations,
the design results are illustrated in Table 4. The design maps
are with Fig. 12 and 13, respectively.
Firstly, for both design methods, the input only needs the
number of turns N and the window dimensions. The number
of layers m is the design output instead of input, which is of
important practical value. Secondly, the original partial layer
design method sweeps t0, therefore, approximate N/2 design
maps are needed. In contrast, the approximation method only
needs one design map with the concept of mp. Thirdly, both
design methods output the same designed m, t, t0. There are
negligible differences in the wire diameter output d.
The designed transformer is built and tested in Fig. 14. The
primary winding is at the inner position and closer to the sym-
metry axis than secondary winding. The experimental, orig-
inal partial layer, and approximation equation results show a
good agreement in a wide frequency range. An alternative
design that also fits the design restrictions is given for com-
parison. The core and primary winding is the same as the
designed one. The secondary is with 2 full layers, 17 turns
in each layer, 0.25 mm diameter wire. In the design point at
20 kHz, The optimum design results are with 24.85 % AC
resistance reduction compared with the alternative design.
4. Conclusions
An approximation model for the AC resistance of the par-
tial layer is proposed for windings of inductors and trans-
formers. With the concept of the number of layers for the par-
tial winding, the proposed model is simpler compared with
the original partial layer equation. The maximum AC resis-
tance difference between them is 0.21Rdc. The difference de-
creases dramatically and is negligible with the increase in the
number of layers. The model is verified by the finite ele-
ment method simulation and experimental results in two case
studies. Finally, a design method based on the approximation
equation is proposed. It is practical, which only needs the
window dimensions and the number of total turns as design
inputs. A case study for the winding design of a transformer
in a 20 kHz LLC converter is presented. The proposed design
method results in 24.85 % AC resistance reduction compared
with an alternative design.
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